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Solving for Channel Flow

•  Exact	
  mean	
  equa8ons	
  in	
  y	
  direc8on	
  
•  Important	
  scales	
  

•  Global	
  momentum	
  balance	
  

•  Understand	
  significance	
  of	
  “log-­‐region”	
  
•  Obtain	
  log-­‐law	
  from	
  matched	
  asympto8cs	
  

•  Apply	
  mixing-­‐length	
  hypothesis,	
  obtain	
  log-­‐law	
  

•  Get	
  fric8on	
  factor	
  rela8onship	
  



Channel/Pipe Flow

•  Pressure	
  gradient	
  
required	
  is	
  much	
  higher	
  
for	
  turbulent	
  flow	
  
–  For	
  same	
  flow	
  rate	
  	
  



Moody Chart For Pipes
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Channel Flow

•  Aim:	
  Find	
  pressure	
  
gradient	
  required	
  to	
  
pump	
  turbulent	
  flow	
  
at	
  a	
  given	
  flow-­‐rate	
  

•  Fully-­‐developed	
  flow	
  

•  No-­‐slip	
  BC:	
   € 
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=
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∂P
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< 0  (Drives the flow)

€ 

U(0) =U(2H) = V (0) = V (2H) = 0

€ 

u'i (0) = u'i (2H) = 0⇒ Rij (0) = Rij (2H) = 0



Mean Equations in 2D

•  Mean	
  con8nuity	
  eqn:	
  

•  Mean	
  (steady)	
  momentum	
  equa8ons	
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V Equation

•  From	
  con8nuity:	
  
•  No-­‐slip	
  :	
  	
  

•  Momentum	
  eqn	
  (y	
  direc8on):	
  

– Mean	
  pressure	
  gradient	
  is	
  constant	
  at	
  all	
  x,y	
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∂V /∂y = 0
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U Equation
•  U	
  momentum	
  eqn:	
  

•  Global	
  momentum	
  balance	
  

•  Mean	
  pressure	
  gradient	
  and	
  viscous	
  wall	
  
stress	
  balance	
  each	
  other	
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Scales in Channel Flow

•  Momentum	
  eqn	
  simplifies	
  to:	
  

•  Velocity	
  scale	
  (fric8on	
  velocity):	
  
•  2	
  Length	
  scales:	
  € 
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Reynolds vs Viscous Stress ���
Variation with y
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Significance of Inner Length Scale

•  Total	
  stress	
  (turbulent+viscous)	
  at	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  :	
  

•  From	
  mixing	
  length	
  model:	
  

•  The	
  stresses	
  are	
  comparable	
  when:	
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Reynolds vs Viscous Stress ���
(Fractional Contributions)
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y + ≈O(1)



“Inner” and “Outer” Momentum Eqns

•  2	
  non-­‐dimensional	
  eqns	
  possible:	
  

•  For	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  for	
  fixed	
  	
  	
  	
  	
  	
  	
  :	
  

•  For	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  for	
  fixed	
  	
  	
  	
  	
  	
  	
  :	
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“Outer” Equation 

•  The	
  outer	
  equa8on	
  is:	
  

•  Let’s	
  use	
  an	
  eddy	
  viscosity	
  model	
  and	
  
integrate	
  from	
  the	
  channel	
  center:	
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“Outer” Equation

•  Integra8ng	
  from	
  channel	
  center	
  

•  In	
  this	
  par8cular	
  case..	
  

– But	
  we	
  cannot	
  use	
  this	
  to	
  calculate	
  
– We	
  need	
  to	
  connect	
  this	
  velocity	
  profile	
  to	
  “inner”	
  
layer	
  velocity	
  profile	
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Log-Law From Matched Asymptotics ���
(Pope, Section 7.1)

•  Outer	
  region:	
  define	
  velocity	
  defect	
  func8on	
  

•  Inner	
  region:	
  

•  At	
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Log-law From Matched Asymptotics

•  Outer	
  solu8on:	
  

•  Inner	
  Solu8on:	
  

•  Add	
  eqns	
  above	
  (in	
  the	
  log-­‐law	
  region)	
  
–  	
  Centerline	
  velocity	
  is	
  Re	
  dependent	
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Going back to our example..

•  Exact	
  solu8on	
  in	
  outer	
  layer	
  is:	
  

€ 
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We	
  can	
  find	
  wall	
  
shear	
  stress	
  
from	
  centerline	
  
velocity	
  !	
  



Log-Law in Channel Flow



Defect Law 



Different Regions in Channel Flow 
Profile



Implications of Matched Asymptotics ���
(Outer scaling)

•  For	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  the	
  following	
  has	
  to	
  be	
  true:	
  

–  Implica8ons	
  for	
  eddy	
  viscosity	
  models	
  

– Log	
  law	
  holds	
  only	
  in	
  “log-­‐law	
  region”	
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Implications of Matched Asymptotics ���
(Inner Scaling)

•  For	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  the	
  following	
  has	
  to	
  be	
  true:	
  

– Bi	
  =5.5	
  will	
  not	
  depend	
  on	
  outer	
  flow	
  (Universal	
  
constant)	
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Channel	
  Flow	
  

Log-­‐law	
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Outer	
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Buffer+viscous	
  region	
  



Friction Factor From Matched 
Asymptotics (Channel Flow)

•  Rela8on	
  between	
  center-­‐line	
  velocity	
  and	
  
wall-­‐shear	
  stress:	
  

•  Fric8on	
  factor:	
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Cf vs Re



Friction factor for pipe



Log-law From Mixing Length Model

•  Let	
  us	
  look	
  at	
  

•  Mixing	
  length	
  model:	
  	
  

•  	
  Cannot	
  integrate	
  upto	
  wall	
  
– Re	
  dependence	
  is	
  not	
  clear	
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Log-law from mixing length model

•  Stress	
  balance	
  near	
  the	
  wall:	
  

•  Solve	
  quadra8c	
  eqn	
  for	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  integrate	
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Van Driest Damping Factor

•  Reynolds	
  stress	
  ~	
  y3	
  near	
  the	
  wall	
  

•  But	
  	
  
•  In	
  viscous	
  layer,	
  mixing	
  length	
  needs	
  to	
  be	
  
‘damped’	
  (Van	
  Driest	
  1956):	
  

•  A0
+	
  determines	
  Bi	
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⇒ u'v ' = O(y 3)

(From	
  con8nuity)	
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Van Driest Damping���
Mixing length and eddy viscosity

DNS	
  

DNS	
  

Van	
  Driest	
  



Van Driest Damping���
Velocity Profile


